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1. Introduction
Let X be a Banach space whose (topological) dual we denote by X∗ . Let C be a nonempty closed and convex subset of
X and F : C → X∗ a function. The variational inequality problem associated with C and F – we denote this problem as
VI(C, F ) – is to ﬁnd an xˆ ∈ C such that
〈
F (xˆ), x− xˆ〉 0 for every x ∈ C . (1)
More generally, where Γ : C ⇒ X∗ is any correspondence – by this we mean that Γ is a function that maps C into 2X∗\{∅}
– the generalized variational inequality problem associated with C and Γ is to ﬁnd an xˆ ∈ C such that there exists a
ϕ ∈ Γ (xˆ) with
〈ϕ, x− xˆ〉 0 for every x ∈ C . (2)
We refer to this problem succinctly as GVI(C,Γ ). In turn, any xˆ ∈ C such that (2) holds for some yˆ ∈ Γ (xˆ) is called a
solution to GVI(C,Γ ). If there is at least one solution to it, we say that GVI(C,Γ ) is solvable.
Since the celebrated existence theorem of Hartman and Stampacchia have ﬁrst appeared in 1966 (see [5]), the solvability
of (generalized) variational inequalities have been studied by many authors, especially in the context where X is a Hilbert
space (so that X∗ can be taken as X ). The Hartman–Stampacchia theorem, as well as many of the subsequent existence
results for variational inequalities, is based on the fact that solvability (when X is Hilbert) is in fact a ﬁxed point problem.
Indeed, the solutions to GVI(C,Γ ) coincide with the ﬁxed points of the self-correspondence PC ◦ (idX −Γ ), where PC is
the metric projection operator onto C . Unfortunately, this observation fails when the norm of X is not induced by an inner
product. However, partly motivated by this diﬃculty, Alber [1] has introduced the notion of generalized metric projection
operator πC : X∗ → C for uniformly convex and uniformly smooth X , and noted that πC can be used instead of PC to
convert a given solvability problem to a ﬁxed point problem for such X . Recently, Li [7] has extended this concept to the
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still convert the solvability problem into a ﬁxed point problem by using πC .
Most authors that approach the solvability problem along these lines use a variety of continuity or Brezis-type mono-
tonicity conditions, and adopt topological ﬁxed point theory to settle the related ﬁxed point problem. However, in the
special case of nonlinear complementarity problems (that is, when C is a convex cone), it was shown by Fujimoto [4], Chi-
tra and Subrahmanyam [3] and Borwein and Dempster [2] that one can alternatively adopt an order-theoretic approach, and
obtain solvability theorems for such problems in terms of lattice conditions on the underlying space as well as some order-
preservation properties. Recently, Nishimura and Ok [10] have extended these results to the case of generalized variational
inequalities on Hilbert lattices. In turn, again in the context of Hilbert lattices, Li and Yao [8] have studied when there is
a maximum and minimum solution to a given generalized variational inequality relative to the partial order underlying the
ambient lattice. In a nutshell, the primary objective of the present paper is to extend the ﬁndings of these two papers to
the context of reﬂexive, smooth and rotund Banach spaces.
The order-theoretic approach toward establishing the solvability of a GVI(C,Γ ) on a Hilbert lattice X is based on the
fact that the metric projection operator PC is order-preserving iff C is a sublattice of X . (The “if” part of this fact is due to
Isac [6] where its “only if” part is due to Nishimura and Ok [10].) This fact allows one to approach the solvability problem
for GVI(C,Γ ) by using Tarski-type ﬁxed point theorems, when C is a sublattice of a Hilbert lattice X . Unfortunately, the
use of PC cannot simply be replaced with πC when X is a Banach lattice in this approach. For, as we illustrate below, even
when C is a sublattice of a ﬁnite-dimensional rotund Banach lattice X , πC may fail to be order-preserving. In this paper, we
provide a suﬃcient condition to circumvent this diﬃculty; we show that if the square of the norm of X is submodular on
C (relative to the underlying lattice order) – we refer to such C as regular – then πC is order-preserving. This fact allows
us to extend the methods of Nishimura and Ok [10] and Li and Yao [8] by using πC instead of PC in the case where C is a
regular sublattice of a reﬂexive, smooth and rotund Banach lattice X . As every sublattice of a Hilbert lattice is regular, and
πC = PC when X is Hilbert, our results generalize the corresponding ﬁndings of these authors.
The content of the present work can be summarized as follows. In Section 2, we review the deﬁnition of the generalized
metric projection operator in reﬂexive Banach spaces and its basic properties, as well as the basic terminology and facts
that pertain to (Banach) lattice theory. The bridge between the solvability of variational inequalities and ﬁxed point theory
is also outlined in this section through the variational characterization of πC . In Section 3, we introduce the property of
regularity of a sublattice, and provide several examples of such sublattices of classical Banach lattices. We also show that
this property is vacuously satisﬁed by any sublattice of a Hilbert lattice, and then prove that πC is order-preserving when
C is a regular, closed and convex sublattice of a reﬂexive, smooth and rotund Banach lattice X . In Section 4, we combine
these results with an order-theoretic ﬁxed point theorem to provide some order-preservation conditions that guarantee the
solvability of a generalized variational inequality deﬁned on such C to possess optimum solutions, and demonstrate the
applicability of these results by means of a concrete example. (For VI(C, F ), these conditions ensure in fact that the set of
solutions to be a complete lattice.) Section 5 provides an application of these results to ﬁxed point theory.
2. Preliminaries
2.1. The generalized metric projection operator
There are various ways of extending the classical metric projection operator from the context of Hilbert spaces to that
of Banach spaces. To introduce the extension that we shall adopt here, let us take any Banach space X , denote the operator
norm on the dual X∗ by ‖ · ‖∗ , and consider the map V : X∗ × X → R deﬁned by
V (ϕ, x) := ‖ϕ‖2∗ − 2〈ϕ, x〉 + ‖x‖2.
(As V (ϕ, x) (‖ϕ‖∗ − ‖x‖)2 for all ϕ and x, this map is nonnegative-valued.) For any nonempty, closed and convex subset
C of X , the generalized (metric) projection operator onto C is the correspondence πC : X∗⇒ C deﬁned by
πC (ϕ) :=
{
z ∈ C : V (ϕ, z) V (ϕ, x) for all x ∈ C}.
If X is a Hilbert space, then we can regard any ϕ in X∗ as lying in X through the Riesz representation theorem, so in that
case, we get V (ϕ, x) = ‖ϕ − x‖2 for each (ϕ, x) ∈ X∗ × X , which, in turn, implies that πC is the standard metric projection
operator onto C . More generally, provided that X is reﬂexive, πC has nonempty, closed, bounded and convex values, and it
is single-valued iff X is rotund (strictly convex). For proofs of these results, and many other important properties of πC , see
Alber [1] and Li [7].
2.2. Variational characterization of πC
There is a well-known variational characterization of the metric projection operator in the context of Hilbert spaces,
which makes this operator an essential tool for studying variational inequalities. A similar characterization also holds for
the generalized metric projection operator in certain cases. To introduce this characterization, let us recall that for any x in
a Banach space X , the Hahn–Banach theorem ensures that there is a ϕx ∈ X∗ such that 〈ϕx, x〉 = ‖ϕx‖∗‖x‖ and ‖ϕx‖∗ = ‖x‖.
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map in X∗ . Thus, when X is reﬂexive and smooth, we may deﬁne the map J X : X → X∗ by J X (x) := ϕx , which is called
the normalized duality map; see Takahashi [12]. It is easy to see that reﬂexivity of X implies that J X is a surjection, and
that J X := idX when X is a Hilbert space. Also relevant for our purposes is the fact that, when X is reﬂexive, smooth and
rotund,
πC ◦ J X = idC
for any nonempty closed and convex subset C of X . (For, the deﬁnition of J X implies V (ϕx, x) = 0, so as πC is single-valued
when X is rotund, we ﬁnd πC (ϕx) = x, for every x ∈ C .)
We may now state the variational characterization of the generalized metric projection operator: If X is a reﬂexive and
smooth Banach space, and C is a nonempty closed and convex subset of X , then, for any ϕ ∈ X∗ ,
x ∈ πC (ϕ) iff
〈
ϕ − J X (x), x− y
〉
 0 for every y ∈ C . (3)
(For a proof, see Li [7].) A standard argument based on this characterization yields the main connection between ﬁxed point
theory and variational inequalities.
Theorem 2.2.1. Let X be a reﬂexive and smooth Banach space and λ : X → R++ any function. Let C be a nonempty closed and
convex subset of X , and Γ : C ⇒ X∗ any correspondence. Then, xˆ is a solution to GVI(C,Γ ) if, and only if, xˆ is a ﬁxed point of the
correspondence πC ◦ ( J X − λΓ ), that is,
xˆ ∈ πC
(
J X (xˆ) − λ(xˆ)Γ (xˆ)
)
. (4)
Proof. Suppose (2) holds for some xˆ ∈ C and yˆ ∈ Γ (xˆ). Then (4) holds, because
〈(
J (xˆ) − λ(xˆ) yˆ)− J X (xˆ), xˆ− x〉= λ(xˆ)〈 yˆ, x− xˆ〉 0
for each x ∈ C , and hence xˆ ∈ πC ( J X (xˆ) − λ(xˆ) yˆ) by the variational characterization of πC noted above. The converse impli-
cation follows from reversing the steps of this argument. 
2.3. Posets and lattices
Let (X,) be a partially ordered set (poset) and S a subset of X . We say that an element x of X is an -upper bound
for S if x S , that is, x y for each y ∈ S . (The notation S  x is similarly understood.) We say that S is -bounded from
above if x  S for some x ∈ X , and -bounded from below if S  x for some x ∈ X . In turn, S is said to be -bounded
if it is -bounded both from above and below. As usual, we say that a sequence (xm) in X is said to be -bounded
(from above/below) if {x1, x2, . . .} possesses this property. If x ∈ S and x is an -upper bound for S , we say that x is the
-maximum in S . (The -minimum element of S is similarly deﬁned.) A nonempty subset S of X is said to be a -chain
in X if either x y or y  x hold for each x, y ∈ X .
The -supremum of S is the -minimum of the set of all -upper bounds for S , and is denoted by
∨
X S . (The
-inﬁmum of S – denoted as
∧
X S – is deﬁned as the -supremum of S .) As is conventional, we denote
∨
X {x, y} as
x∨ y, and ∧X {x, y} as x∧ y, for any x, y ∈ X . If x∨ y and x∧ y exist for every x and y in X , we say that (X,) is a lattice,
and if
∨
X S and
∧
X S exist for every nonempty (-bounded) S ⊆ X , we say that (X,) is a (Dedekind) complete lattice.
Finally, if Y is a nonempty subset of X which contains
∨
X {x, y} and
∧
X {x, y} for every x, y ∈ X , then it is said to be a
-sublattice of X . In turn, if Y contains
∨
X S and
∧
X S for every nonempty S ⊆ Y , then it is said to be a subcomplete
-sublattice of X . (Easy examples show that a -sublattice of X which happens to be a complete lattice with respect to 
need not be a subcomplete -sublattice of X .)
2.4. Order-preservation for correspondences
For any lattices (X,X ) and (Y ,Y ), we say that a map F : X → Y is order-preserving if
xX y implies F (x)Y F (y)
for every x, y ∈ X . In turn, if Γ : X ⇒ Y is a correspondence – by this we mean that Γ is a map from X into 2Y \{∅}
– we say that Γ is upper order-preserving if x X y implies that for every y′ ∈ Γ (y) there is an x′ ∈ Γ (x) such that
x′ Y y′ . (It is easily checked that for any such Γ the map x → ∨Y Γ (x) is order-preserving, provided that it is well-
deﬁned.) Similarly, Γ is lower order-preserving if x X y implies that for every x′ ∈ Γ (x) there is a y′ ∈ Γ (y) such that
x′ Y y′ . (For any such Γ , the map x →∧Y Γ (x) is order-preserving, provided that it is well-deﬁned.) Finally, Γ is said to
be order-preserving if it is both upper and lower order-preserving. (If (X,X ) and (Y ,Y ) are sublattices of a given lattice
(Z ,), then we use the phrase -preserving instead of order-preserving.) We say that Γ has topped (bottomed) values if
there is a Y -maximum (Y -minimum) in Γ (x) for each x ∈ X .
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A Riesz space is a lattice (X,) where X is a (real) linear space whose linear structure is compatible with the partial
order  in the sense that α idX + z is a -preserving self-map on X for every z ∈ X and real number α > 0. The positive
cone of (X,) is X+ := {x ∈ X: x 0}, which is a (pointed) convex cone in X .
A Riesz space (X,) is called a normed Riesz space if X is a normed linear space whose norm ‖ · ‖ is compatible
with the partial order  in the sense that ‖x‖  ‖y‖ holds for every x, y ∈ X with |x| |y|.1 If (X,) is a normed Riesz
space, it is readily checked that the lattice operations ∨ and ∧ are continuous maps from X × X into X . As an immediate
consequence of this fact, we ﬁnd that X+ is a closed cone in X . (As X+ is convex, it is weakly closed as well.) In turn, this
implies that xm →∨X {x1, x2, . . .} for every convergent sequence (xm) in X with · · · x2  x1.
Let (X,) be a Banach lattice, that is, (X,) is an ordered Riesz space with X being Banach. (If X is a Hilbert space
here, (X,) is referred to as a Hilbert lattice.) We say that two elements x and y of X are -disjoint if |x| ∧ |y| = 0. In
turn, for any 1 p < ∞, the norm ‖ · ‖ of X is called p-additive if ‖x+ y‖p = ‖x‖p +‖y‖p for any -disjoint x, y ∈ X . It is
known that p-additivity of the norm of a Banach lattice ensures its order-continuity. In particular, if ‖ · ‖ is p-additive, then
(X,) is Dedekind complete (that is, every nonempty set in X that is bounded from above possesses its supremum) and
every sequence (xm) in X such that x  · · ·  x2  x1 for some x ∈ X converges to ∨{x1, x2, . . .}. (See Meyer-Nieberg [9],
Theorem 2.4.2 and Corollary 2.4.13.) For instance, it is easily veriﬁed that the norm of any Hilbert lattice is 2-additive, so
every Hilbert lattice is Dedekind complete. Similarly, for any 1  p < ∞, the classical Banach space p is a Banach lattice
relative to the pointwise ordering, and the norm of this space is p-additive; p is thus a Dedekind complete lattice.
2.6. Order-dual
Let (X,) be a Banach lattice. The dual of  is the partial order ∗ on X∗ deﬁned as follows:
ϕ ∗ φ iff 〈ϕ − φ, x〉 0 for every x ∈ X+.
It is well known that (X∗,∗) is a Banach lattice, which is called the dual of (X,). As usual, we denote the positive cone
of (X∗,∗) by X∗+ , and recall that x ∈ X+ iff 〈ϕ, x〉 0 for every ϕ ∈ X∗+ . (This is easily proved by using the Hahn–Banach
theorem; see Meyer-Nieberg [9], Proposition 1.4.2.)
3. Order-regularity
3.1. Order-regular Banach lattices
In the context of Hilbert lattices, Isac [6] has shown that the metric projection onto any nonempty closed and convex
sublattice is sure to be order-preserving, and this plays a key role for the order-theoretic analysis of variational inequalities.
Unfortunately, this property need not hold for the generalized metric projection operator in the context of even ﬁnite-
dimensional Banach lattices, as we show next.
Notation. Let n be any positive integer and p  1. By Rn,p , we mean the Banach lattice whose ground set is Rn , whose
norm is the standard p-norm which we denote by ‖ · ‖p , and whose partial order  is deﬁned coordinatewise. (As the
positive cone of Rn,p is independent of p, we denote it simply by Rn+ .)
Example 3.1.1. Let K := {x ∈ R2: (0,20)  x  (−20,1.2)} which is a closed and convex subcomplete sublattice of R2,4.
Now let ϕ := (−1,1) and φ := (−2,1) which we regard as elements of the dual of R2,4, namely, R2,4/3. By calculus, one
can show that πK (ϕ) = (−
√
2,
√
2) and πK (φ) = (−2
√
17,
√
17). Then, πK (ϕ) and πK (φ) are not comparable by , even
though ϕ  φ. Thus: πK : R2,4/3 → K is not -preserving.
We now introduce a suﬃcient condition for sublattices C of a reﬂexive Banach lattice that would ensure the order-
preservation of the generalized metric projection operator onto C . Let (X,) be a Banach lattice. A -sublattice S of X is
said to be regular if ‖ · ‖2 is submodular on S with respect to , that is,
‖x∨ y‖2 + ‖x∧ y‖2  ‖x‖2 + ‖y‖2 for every x, y ∈ S.
Obviously, if (X,) is itself regular, then every -sublattice of X is regular.
1 As usual, where 0 denotes the origin of X , we deﬁne x+ := x∨ 0, x− := (−x) ∨ 0 and |x| := x+ − x− , for any x in X .
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Prime examples of regular Banach lattices are Hilbert lattices. In fact:
Lemma 3.2.1. If (X,) is a Hilbert lattice, then
‖x∨ y‖2 + ‖x∧ y‖2 = ‖x‖2 + ‖y‖2 for every x, y ∈ X .
Thus, every Hilbert lattice is regular.
Proof. Take any x, y ∈ X , and use the modular identity x∨ y + x∧ y = x+ y to ﬁnd
‖x∨ y‖2 = 〈x∨ y − x+ x, x∨ y − y + y〉 = 〈y − x∧ y, x∨ y − y〉 + 〈y − x∧ y, y〉 + 〈x, x∨ y〉.
By Lemma 2.1 of Nishimura and Ok [10], 〈y − x∧ y, x∨ y − y〉 = 0, and hence, ‖x∨ y‖2 = 〈y − x∧ y, y〉 + 〈x, x∨ y〉. Dually,
we have ‖x∧ y‖2 = 〈x− x∨ y, x〉 + 〈y, x∧ y〉. Summing these two equations yields ‖x∨ y‖2 + ‖x∧ y‖2 = 〈x, x〉 + 〈y, y〉, as
we sought. 
3.3. Examples of order-regular sublattices of Banach lattices
We next show that the positive cones of many (but not all) Banach lattices are regular.
Example 3.3.1. If p  2, every-sublattice S ofRn,p with S ⊆ Rn+ is regular. Clearly, it is enough to prove this claim for S =Rn+ ,
which is the same thing as showing that ‖·‖2p is submodular on Rn+ . But when the lattice under consideration is the product
of ﬁnitely many posets, submodularity property is equivalent to having increasing differences. (See Topkis [13, Theorem 2.6.1
and Corollary 2.6.1].) As ‖ · ‖2p is smooth on Rn+ , this is, in turn, equivalent to showing that ∂
2
∂xi∂x j
‖x‖2p  0 for every x ∈ Rn+
and distinct i and j in {1, . . . ,n}. That this is true when p  2 is veriﬁed by straightforward calculus.
Remark 3.3.2. Easy examples show that the above observation fails when 1 p < 2 even when n = 2.
Example 3.3.3. If p  2, every -sublattice S of p with S ⊆ p+ is regular. (Here  stands again for the coordinatewise or-
dering.) This follows by approximation. Let us denote the projection of any real sequence x into Rn by x(n), that is,
x(n) := (x1, . . . , xn) where x := (x1, x2, . . .) and n is any positive integer. Then, for any x and y in p+ , we have
‖x∨ y‖2p + ‖x∧ y‖2p = limn→∞
(∥∥x(n) ∨ y(n)∥∥2p +
∥∥x(n) ∧ y(n)∥∥2p
)
 lim
n→∞
(∥∥x(n)∥∥2p +
∥∥y(n)∥∥2p
)
= ‖x‖2p + ‖y‖2p,
where the inequality follows from Example 3.3.1.
Example 3.3.4. Let (Ω,Σ,μ) be any measure space and p  2. Endowing Lp(Ω,Σ,μ) with the almost everywhere co-
ordinatewise ordering  makes this space a Banach lattice. Moreover, any -sublattice of this Banach lattice within its
positive cone is regular. This is again proved by approximation (using denseness of the simple functions in Lp(Ω,Σ,μ) and
Example 3.3.1).
3.4. Generalized metric projections onto regular sublattices
As we have noted above, the regularity of a sublattice of a reﬂexive Banach lattice guarantees the order-preservation of
the generalized metric projection operator onto this sublattice. This is proved next.
Proposition 3.4.1. Let (X,) be a reﬂexive Banach lattice, and C a regular -sublattice of X . Then, πC is order-preserving.
Proof. To derive a contradiction, assume that πC is not upper order-preserving. Then, there exist ϕ and φ in X∗ such that
(i) ϕ ∗ φ; and (ii) there is a y ∈ πC (φ) such that z  y does not hold for any z ∈ πC (ϕ). Now, ﬁx an arbitrary x in πC (ϕ).
Setting z as x ∨ y in (ii), we see that x ∨ y does not belong to πC (ϕ) while x ∨ y ∈ C because C is a sublattice of X . It
follows from the deﬁnition of πC that V (ϕ, x) < V (ϕ, x∨ y), that is,
2〈ϕ, x∨ y − x〉 < ‖x∨ y‖2 − ‖x‖2. (5)
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y − y〉 ‖x∧ y‖2 − ‖y‖2. Using the fact that x∨ y + x∧ y = x+ y, we can write this inequality as
2〈−φ, x∨ y − x〉 ‖x∧ y‖2 − ‖y‖2. (6)
Combining (5) and (6) yields
2〈ϕ − φ, x∨ y − x〉 < ‖x∨ y‖2 + ‖x∧ y‖2 − (‖x‖2 + ‖y‖2).
Thus, by -regularity of C , we ﬁnd 〈ϕ−φ, x∨ y−x〉 < 0. As, by (i), ϕ−φ ∈ X∗+ , the discussion in Section 2.6 then shows that
x∨ y − x does not belong to X+ , that is, x ∨ y  x is false, which is absurd. This proves that πC is upper order-preserving.
Its lower order-preservation is proved analogously. 
4. Optimal solvability of variational inequalities
4.1. Variational inequalities on bounded sublattices
Our ﬁrst main result identiﬁes certain types of generalized variational inequalities on subcomplete sublattices of a suit-
able Banach lattice.
Theorem 4.1.1. Let (X,) be a reﬂexive, smooth and rotund Banach lattice, and K a regular, closed, and convex subcomplete
-sublattice of X . Let Γ : K ⇒ X∗ be a correspondence such that J X − λΓ is upper (lower) order-preserving with topped (bottomed)
values, for some λ : K → R++ . Then, there is a -maximum (-minimum) solution to GVI(K ,Γ ).
The proof of this is based on order-theoretic ﬁxed point theory. Speciﬁcally, we shall use the following well-known
result:
Theorem 4.1.2. Let (X,) be a complete lattice and f : X → X a -preserving self-map on X. Then, for any x∗ ∈ X with f (x∗) x∗ ,
there is a ﬁxed point x of f with x x∗ .
This result is a special case of the Abian–Brown ﬁxed point theorem. Alternatively, it can be deduced from the classical
Knaster–Tarski ﬁxed point theorem (which says that the set of all ﬁxed points of an order-preserving self-map on a complete
lattice is itself a complete lattice) by a standard argument. (For many such order-theoretic ﬁxed point theorems, see Ok [11].)
Proof of Theorem 4.1.1. We will only examine the case in which Γ is upper order-preserving, as the argument for the lower
order-preserving case is analogous. To simplify the notation, let us set U := J X −λΓ , and note that the set of all ﬁxed points
of πK ◦ U – we denote this set by Fix(πK ◦ U ) – is equal to the set of all solutions to GVI(K ,Γ ) by Theorem 2.2.1. It is thus
enough to show that Fix(πK ◦ U ) is a nonempty set that has a -maximum.
Deﬁne the map Ψ : K → X∗ by
Ψ (x) :=
∨
X∗
U (x).
This map is well-deﬁned because the values of U are topped by hypothesis. Furthermore, Ψ is order-preserving. To see
this, take any x and y in K with x  y, and ﬁx an arbitrary φ ∈ U (y). As U is upper order-preserving by hypothesis,
there is a ϕ in U (x) such that ϕ ∗ φ. It follows that
∨
X∗ U (x)∗ φ. Thus, as φ is arbitrary in U (y), we see that Ψ (x) is an
upper ∗-bound for U (y), and hence, Ψ (x)∗
∨
X∗ U (y) = Ψ (y). Conclusion: Ψ is order-preserving. Besides, combining this
observation with Proposition 3.4.1, we see that πK ◦Ψ is a -preserving self-map on K . By Theorem 4.1.2 (with x∗ =∧X K ),
therefore, there is a ﬁxed point of πK ◦Ψ . But, Fix(πK ◦Ψ ) ⊆ Fix(πK ◦U ). (For, if x is a ﬁxed point of πK ◦Ψ , then, because
U (x) is topped, we have Ψ (x) ∈ U (x), and hence, x = πK (Ψ (x)) ∈ πK (U (x)).) Thus: Fix(πK ◦ U ) = ∅.
To complete the proof, we need to show that Fix(πK ◦U ) contains its -maximum. Now, put x∗ :=∨X Fix(πK ◦U ) which
belongs to K (because K is subcomplete). As πK ◦Ψ is -preserving and πK is order-preserving, the deﬁnition of x∗ entails
πK
(
Ψ (x∗)
)
 πK
(
Ψ
(
Fix(πK ◦ U )
))

∨
X
πK
(
U
(
Fix(πK ◦ U )
))

∨
X
Fix(πK ◦ U )
where the last ordering is due to the fact that Fix(πK ◦ U ) ⊆ (πK ◦ U )(Fix(πK ◦ U )). It follows that πK (Ψ (x∗)) x∗ . Given
that πK ◦Ψ is a -preserving self-map on K , therefore, we may apply Theorem 4.1.2 to conclude that there is a ﬁxed point
x of πK ◦ Ψ such that x x∗ . As Fix(πK ◦ Ψ ) ⊆ Fix(πK ◦ U ), we also have x ∈ Fix(πK ◦ U ), so by deﬁnition of x∗ , we must
have x = x∗ . It follows that x is a ﬁxed point of πK ◦ U , that is, Fix(πK ◦ U ) contains its -maximum. 
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that J X − λΓ is upper (lower) order-preserving correspondence with topped values for some λ : K → R++ , then, there is
a -maximum (-minimum) solution to GVI(K ,Γ ). This result, which was proved by Li and Yao [8], is a special case of
Theorem 4.1.1, because every Hilbert lattice (X,) is regular (Lemma 3.2.1) and J X = idX when X is Hilbert.
Remark 4.1.4. If (X,) is separable and p-additive for some p  1, then the subcompleteness requirement for K in Theo-
rem 4.1.1 can be simpliﬁed to -boundedness. To see this, let S be a nonempty subset of K . Separability of X implies that
of S , so, there is a countable dense subset T of S . We enumerate T as {x1, x2, . . .}, and deﬁne ym := ∨X {x1, . . . , xm} for
each positive integer m. As K is a -sublattice of X , it contains each ym . It follows that (ym) is an -increasing sequence
in K . As K is -bounded from above, so is (ym), and hence, in view of p-additivity, we have ym → ∨X T (Section 2.5).
Clearly, as K is closed, we have
∨
X T ∈ K . On the other hand, for any x in S there is a strictly increasing self-map σ on N
such that xσ(m) → x. Besides, ∨X T  yσ(m)  xσ(m) , so letting m → ∞ yields ∨X T  x (because X+ is closed). Conclusion:∨
X T  S . As T ⊆ S , it follows that
∨
X S =
∨
X T ∈ K . In turn, applying this ﬁnding to −K yields
∨
X −S ∈ −K , and hence∧
X S = −
∨
X −S ∈ K . Conclusion: K is a subcomplete -sublattice of X .
When Γ is single-valued, we can improve the conclusion of Theorem 4.1.1 substantially, thereby extending Theorem 4.2
of Nishimura and Ok [10] to the context of Banach lattices.
Theorem 4.1.5. Let (X,) be a reﬂexive, smooth and rotund Banach lattice, and K a regular, closed, and convex subcomplete -
sublattice of X . Let F : K → X∗ be a function such that J X − λF is order-preserving for some λ : K → R++ . Then, the set of all
solutions to VI(K ,Γ ) is a complete lattice relative to .
Proof. Adopting the notation we used in the proof of Theorem 4.1.2 (with F playing the role of Γ ), we have Ψ = U .
Consequently, as shown in the second paragraph of that proof, πK ◦ Ψ , that is, πK ◦ ( J X − λF ), is a -preserving self-map
on K . By the Knaster–Tarski ﬁxed point theorem, therefore, (Fix(πK ◦ ( J X − λF )),) is a complete lattice, and invoking
Theorem 2.2.1 completes the proof. 
We next provide an example to illustrate how these results may be applied in concrete settings.
Example 4.1.6. Let (Ω,Σ,μ) be any ﬁnite measure space and pick any real numbers p and q with p  2 and 1/p+1/q = 1.
We denote the reﬂexive, smooth and rotund Banach space Lr(Ω,Σ,μ) as Lr for each r = p,q. Let F : Lp+ → Lq be a map
such that
‖g‖p−2p F ( f ) − ‖ f ‖p−2p F (g) ‖g‖p−2p f p−1 − ‖ f ‖p−2p gp−1 a.e. (7)
for any f , g ∈ Lp+ with f  g a.e. Then, there is an f ∈ Lp such that min{ f , F ( f )} 1 a.e., max{ f , F ( f )} 2 a.e., and
∫
Ω
F ( f )g dμ
∫
Ω
F ( f ) f dμ for every g ∈ Lp with 2 g  1 a.e.
To prove this, let us ﬁrst endow Lp and Lq with the almost everywhere coordinatewise ordering , and then set K :=
{h ∈ Lp: 2 h 1 a.e.} which is a regular (Example 3.3.4), closed and convex subcomplete -sublattice of Lp . Put this way,
the problem at hand is to prove the solvability of VI(K , F ). To this end, for any h ∈ Lp we deﬁne ϕh ∈ Lq as follows: If
μ{h = 0} > 0,
ϕh = 1‖h‖p−2p
(|h|p−1 sign(h)) a.e.,
and if h = 0 a.e., ϕh = 0 a.e. It is a routine exercise to verify that
∫
Ω
ϕhhdμ = ‖ϕh‖q‖h‖p and ‖ϕh‖q = ‖h‖p for every h ∈ Lp .
It thus follows from the discussion in Section 2.2 that J Lp (h) = ϕh for each h ∈ Lp . Consequently, J Lp (h) = hp−1/‖h‖p−2p for
each h ∈ K , and setting λ : K → R++ as λ(h) := 1/‖h‖p−2p , we see that for every f , g ∈ K with f  g , the hypothesis (7)
entails that J Lp ( f )−λ( f )F ( f ) J Lp (g)−λ(g)F (g), that is, J Lp −λF is order-preserving. Applying Theorem 4.1.5, therefore,
not only settles our claim, but it also shows that the set of all sought f here is a complete lattice relative to .
4.2. Variational inequalities on unbounded sublattices
In this section we extend the solvability results of the previous section to the case of generalized variational inequalities
on sublattices that need not be subcomplete.
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Γ : C ⇒ X∗ be a correspondence such that J X − λΓ is upper order-preserving with topped values, for some λ : C → R++ . If there
exist x◦, x◦ ∈ C such that
Γ
(
x◦
)
∗ 0∗ Γ (x◦),
then GVI(C,Γ ) is solvable.
Proof. We set K := {x ∈ C : x◦  x x◦} and U := J X −λΓ . We wish to show ﬁrst that πC ◦U (K ) ⊆ K . To see this, note ﬁrst
that Γ (x◦)∗ 0 and λ(x◦) > 0 imply J X (x◦)∗ J X (x◦) − λΓ (x◦), so
πC
(
J X
(
x◦
))
 πC ◦ U
(
x◦
)
by Proposition 3.4.1. As πC ◦ J X = idC (Section 2.2), therefore, x◦  πC (U (x◦)). Now take any x ∈ K so that x◦  x. As πC is
order-preserving and U is upper order-preserving, πC ◦ U is upper order-preserving. Therefore, for any y in πC (U (x)), there
is a y◦ ∈ πC (U (x◦)) such that y◦  y. As x◦  πC (U (x◦)), then, x◦  y◦  y. Since y is arbitrary in πC (U (x)), it follows that
x◦  πC (U (x)). As one can similarly show that πC (U (x)) x◦ , we have πC (U (x)) ∈ K , and our claim is proved.
Now, as C is a -sublattice of X , K is a subcomplete -sublattice of X . Moreover, K = (x◦ + X+) ∩ (x◦ − X+), so
because X+ is closed and convex, so is K . Finally, K is regular, because so is C . We may thus apply Theorem 4.1.1 to
conclude that there is a solution, say, xˆ, to GVI(K ,Γ |K ). Then, by Theorem 2.2.1, xˆ ∈ πK ◦ ( J X − λΓ )(xˆ) ⊆ K . So, there is a
yˆ ∈ U (xˆ) such that xˆ = πK ( yˆ). By what we have shown in the previous paragraph, πC ( yˆ) ∈ K . Thus, by deﬁnition of πK , we
have V ( yˆ,πK ( yˆ))  V ( yˆ,πC ( yˆ)). But, as πK ( yˆ) ∈ K ⊆ C and πC is single-valued, this is possible iff πK ( yˆ) = πC ( yˆ). Thus,
xˆ = πC ( yˆ), and it follows that xˆ is a ﬁxed point of πC ◦ U , and hence a solution to GVI(K ,Γ ). 
To ensure that there exists an optimal solution in the context of Theorem 4.2.1, we need to assume that Γ “condenses”
its domain in an order-theoretic sense. The following result is a formulation of this idea.
Theorem 4.2.2. Let (X,) be a reﬂexive, smooth and rotund Banach lattice, and C a regular, closed and convex -sublattice of X .
Let Γ : C ⇒ X∗ be a correspondence such that J X − λΓ is upper (lower) order-preserving with topped (bottomed) values, for some
λ : K → R++ . If ( J X − λΓ )(C) contains its ∗-maximum and ∗-minimum, then there is a -maximum (-minimum) solution to
GVI(C,Γ ).
Proof. We again set U := J X − λΓ , and denote the ∗-maximum and ∗-minimum of U (C) by ϕ◦ and ϕ◦ , respectively. By
Proposition 3.4.1, we have
πC
(
ϕ◦
)
 πC
(
U (C)
)
 πC (ϕ◦). (8)
Thus K := {x ∈ C : πC (ϕ◦) x πC (ϕ◦)} is nonempty. This set is an order-interval, so it is a closed and convex subcomplete
-sublattice of C (as in the proof of the previous result).
We claim that
Fix(πC ◦ U ) = Fix(πK ◦ U |K ). (9)
Indeed, if x ∈ Fix(πC ◦ U ), then x = πC (ϕ) for some ϕ ∈ U (x). As x ∈ C , (8) entails that x = πC (ϕ) ∈ K , so V (ϕ,πK (ϕ)) 
V (ϕ, x). On the other hand, as x = πC (ϕ) and πK (ϕ) ∈ K ⊆ C , this is possible iff x = πK (ϕ) because πC is single-valued.
Thus, x ∈ πK (U (x)), that is, x is a ﬁxed point of πK ◦ U |K . Conversely, if x ∈ Fix(πK ◦ U |K ), then x = πK (ϕ) for some
ϕ ∈ U (x). As x ∈ K ⊆ C , (8) ensures that πC (ϕ) ∈ K , so V (ϕ, x)  V (ϕ,πC (ϕ)) by deﬁnition of πK . Since x ∈ C , this can
happen iff x = πC (ϕ), which implies x = πC (ϕ) ∈ πC (U (x)).
In view of (9), applying Theorems 2.2.1 and 4.1.1 to GVI(K ,Γ |K ) completes our proof. 
5. An application to ﬁxed point theory
As a ﬁnal order of business, we present an application of our main results to ﬁxed point theory. Let X be a Banach space,
S a nonempty subset of X , and Γ : S ⇒ X∗ any correspondence. We refer to a point x in S as a dual ﬁxed point of Γ if
J X (x) ∈ Γ (x). Clearly, when X is a Hilbert space, the notion of dual ﬁxed point reduces to that of ﬁxed point.
There are various ﬁxed point theorems, such as the Browder–Göhde–Kirk ﬁxed point theorem, about functions F that
map a closed and convex subset C of a Hilbert space X into X such that the line segment between x and F (x) contains at
least two points in C so long as x = F (x). The following result is an order-theoretic formulation of this type of a ﬁxed point
theorem in the context of a Banach space.
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of X . Let Γ : K ⇒ X∗ be an upper order-preserving correspondence with topped values such that
∣∣co{x, y} ∩ K ∣∣ 2 for all (x, y) ∈ K × X with J X (x) = J X (y) ∈ Γ (x). (10)
Then, Γ has a dual ﬁxed point.
Proof. Set Φ := J X −Γ . Then, J X −Φ is an upper order-preserving correspondence from K into X∗ with topped values. By
Theorem 4.1.1, therefore, there is an x ∈ K and ϕ ∈ Γ (x) such that
〈ϕx − ϕ, z − x〉 0 for every z ∈ K ,
where ϕx := J X (x). We wish to show that ϕ = ϕx . To derive a contradiction, then, suppose ϕ = ϕx . As X is reﬂexive,
J X is surjective, so ϕ = ϕy for some y ∈ X . As ϕ = ϕx , we may use (10) to ﬁnd a λ ∈ (0,1] such that x − λ(x − y) =
(1− λ)x+ λy ∈ K , and hence
〈
ϕx − ϕy, x− λ(x− y) − x
〉
 0,
that is, 〈ϕx − ϕy, x− y〉 0. But, by deﬁnition of J X ,
〈ϕx − ϕy, x− y〉 = 〈ϕx, x〉 − 〈ϕx, y〉 − 〈ϕy, x〉 + 〈ϕy, y〉
 ‖x‖2 − ‖ϕx‖∗‖y‖ − ‖ϕy‖∗‖x‖ + ‖y‖2
= ‖x‖2 − 2‖x‖‖y‖ + ‖y‖2
= (‖x‖ − ‖y‖)2,
so we conclude that 〈ϕx − ϕy, x − y〉 = 0. It follows that ‖x‖ = ‖y‖ = ‖ϕy‖∗ . Moreover, as −〈ϕy, x〉  −‖ϕy‖∗‖x‖, and
the inequality above must hold as an equality, we have 〈ϕy, x〉 = ‖ϕy‖∗‖x‖. As J X is single-valued, therefore, ϕx = ϕy ,
a contradiction. Conclusion: J X (x) = ϕx = ϕ ∈ Γ (x). 
We note that for separable and p-additive X (with p  2), we may replace the subcompleteness requirement in this
theorem with weak compactness.
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